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HIV is currently one of the top problems that the world’s health faces and is considered a pandemic 

by the World Health Organisation. HIV is an STD (sexually transmitted disease) that after an 

incubation period turns into the seriously life threatening AIDS (acquired immunodeficiency 

syndrome). Due to its sexual transmitted nature it is therefore rife in countries that do not have the 

knowledge and/or the means of protecting themselves from HIV (and other STDS) during sexual 

intercourse. In Africa AIDS may kill 90-100 million by 2025 (“AIDS could kill millions..”, 2005, March 

3). Hence any advancement in knowledge about this disease would greatly help the world’s current 

population.  

Some progress has been made in the pharmaceutical industry to try and combat HIV, this includes 

accidental discoveries from cancer treatments and drugs specifically created to fight the virus 

(Nowak, 2006). This now means more than 5 million people are receiving HIV treatment (UNAIDS, 

2010). Nevertheless as successful as they are, they do not rid the infected of the virus. They merely 

slow down the transition to AIDS. While this gives a better outlook on life for those infected, as their 

life expectancy is increased, it does not stop the rate of infection or the risk posed to those who are 

susceptible to the virus. Therefore seeing how HIV spreads through a population, using a 

mathematical model, it would be useful to further understand this epidemic.   

HIV infects vital cells needed in the human immune system, specifically CD4+ T cells (Cunningham, 

Donagh, Harman, Kim & Turville, 2010). HIV then decreases the amount of CD4+ T cells and after 

they decline below a critical level patients enter the final stage of the disease, AIDS. At this point the 

failing immune system can no longer control the HIV virus and it replicates to high levels (Nowak, 

2006). As the immune system is compromised the patient is then killed by other opportunistic 

infections. On average, without treatment, it takes ten years to progress from infection to AIDS. 

However variability is high and some die within one or two years and others have not yet progressed 

to AIDS after fifteen years (Buchbinder, Kats, Hessol, O’Malley, & Homberg, 1994). Antiretroviral 

drugs have increased life expectancy after AIDS diagnosis to five years (Schneider et al, 2005), but 

without these drugs life expectancy is one year (Morgan et al, 2002). 

In this essay I will discuss a system of differential equations which aims to simply model HIV infection 

within a particular population. I will first describe the SIR model, which is a basic epidemiological 

model on which the HIV model, to be discussed, is based. I will then introduce the HIV model and 

discuss the necessary changes to the SIR model in order to produce a more likely match to the 

current dynamics of HIV. Two equilibrium points will then be examined based upon the basic 

reproduction number   . The stability of each equilbria will be described and, based on the current 

estimates of    ,the likely current equilibrium will be selected.  It will then put forward some of the 

assumptions made by this model and suggest ways of improving it. Finally it will discuss the 

importance of    to epidemiology and suggest how the HIV model could be used to combat HIV 

prevalence today. 
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The SIR Model 

The model this essay will discuss is deterministic, which means it performs the same way for a given 

set of initial conditions, i.e. there are no probabilities involved. This requires splitting up the 

population,  , into those who are susceptible, those who are infected and those who are recovered 

(this can also include death or in the case of HIV transition to AIDS). It is the movement between 

these three compartments that the model describes. This is also known as an SIR model (susceptible, 

infectious, recovered). The simplest of which only includes transition between susceptibles and 

infected and was proposed by Ronald Ross in 1911 (Abdulkarim, 2007) as, 

  

  
      

  

  
     

Where   is the transmission rate, while      and      are the population density of the susceptible 

and the infected. However Kermack and McKendrick introduced     , the number of people who 

had recovered, to Ronald Ross’ epidemic model (Kermack & Mckendrick, 1927). This gave the 

coupled system of differential equations below and is considered the conventional SIR model. 

  

  
      

  

  
          

  

  
    

   is time,      is the number of susceptible people,      is the number of people infected,   is the 

infection rate, and   is the ‘recovery’ rate. This model doesn’t include births and deaths, hence the 

population,  , remains constant. Thus                       . 

Qualitatively this model makes sense as the amount of susceptibles will go down over time. This 

would also be at the same rate as the infectives increase and this rate of increase is determined by 

 . Hence now the amount of infected over time increases by     using the same logic as for 
  

  
 , but 

some infected also transition to recovered, which is determined by the rate of ‘recovery’  . Hence 
  

  
        .  Thus the amount who transition to recovered over time is   . 

The HIV Endemic Model 

To adapt this model for HIV,       still represents the amount of people who are susceptible, 

however the above model assumes that everyone is susceptible. Hence for this model        will only 

includes those who are sexually active, who are exposed to HIV. These susceptibles may still 

transition to      at a rate  , but for HIV there is no recovery so the final compartment is A   , those 
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who have transitioned to AIDS (these people pose no threat of infection to the susceptibles). This 

transition is governed by the rate  , the conversion rate from infection to AIDS. 

 As before                       , which assumes there are no births or deaths in the 

population. Transition rate is    which corresponds to waiting time (time spent in the infected 

compartment until transition to AIDS) of     . This period is short so the model can allow for no vital 

dynamics, i.e. births and deaths. However as explained previously waiting time takes on average 10 

years which is not short relative to births and deaths so this model is not suitable to model 

epidemiological diseases such as HIV. It is more suited to diseases such as influenza which can pass 

through a population in six weeks (Hethcote, 2000). Hence variables corresponding to births and 

deaths should be added, creating an endemic model. 

The inflow of newborns adds to the population proportion by   . At the same time there is a 

reduction in population from all three compartments,             . Using these variables means 

that the population remains balanced i.e. the amount of deaths = the amount of births, so that   is 

constant. From this we can also deduce that the mean lifetime is 
 

 
. 

This gives the following model for HIV1, 

  

  
            

  

  
             

  

  
        

Here it is also important to include some new variables,   , the reproduction number, which is 

defined as the average number of secondary infections that occur when one infective is introduced 

into a completely susceptible host population. The contact number,  , is defined as the average 

number of adequate contacts of a typical infective during the infectious period. An adequate contact 

is one that is sufficient for transmission, if the individual contacted by the infective is a susceptible.  

The replacement number   is defined to be the average number of secondary infections produced 

by a typical infective during the entire period of infectiousness (Hethcote, 2000).  

     Susceptibles 

     Infectives 

     Transitions to AIDS 

     Total Population 

  Contact rate 

1 This model is modified on Hethcote (2000) which is a general endemic model, however this model is also similar to models that 

start with HIV in mind, for example Abdulkari (2007). 
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Average waiting time 

 

 
 

Average lifetime of 
individual 

   Basic reproduction 
number 

  Contact number 

  Replacement number 

Table 1 Summary of notation 

In the phase plane    the contact number   is equal to the basic reproduction number    for all 

time, as no new classes of susceptibles or infectives occur after the invasion. For the model 

     
 

   
 as this is the contact rate multiplied by the average death-adjusted infectious 

period 
 

    
. 

Using this there are two possibilities for the model,       , this means the replacement 

number    is less than 1 when      hence the infectives will decrease to zero over time. When   

has reached zero, eventually all the people with AIDS die off and we are left with a disease free 

equilibrium where     and     (Figure 1).  The    plane shows a node, which means overtime all 

paths approach a point, in this case               Hence it is asymptotically stable as all point 

approach the equilibrium.  

However if        ,    is small and    is large with     , then      decreases and      

increases up to a peak and then decreases. The infectives eventually decreases because when the 

susceptible fraction S    goes below 
 

 
, the replacement number    goes below 1. This means that 

each infective is replaced by no more than one new infective and hence this wave of the epidemic 

decreases  (this is how the model would also look if births and deaths weren’t included). However 

after the infectives have reduced to a low level, the process of the deaths of the people with AIDS 

and the births of new susceptibles gradually increase the susceptible number until    is large 

enough and then another smaller epidemic occurs. This process continues until an equilibrium is 

reached (at this point    ). Hence the phase plane looks like a stable spiral (Figure 2) (Hethcote, 

2000).  
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Figure 1 Phase plane SI portrait for the HIV endemic model with contact number       (Hethcote, 

2000). 

 

Figure 2 Phase plane SI portrait for the HIV endemic model with contact number     , average 

infectious period 
 

 
  days and average lifetime 

 

 
    days.(The unrealistically short average 

lifetime has been chosen so that the endemic equilibrium is clearly above the horizontal axis and the 

spiralling into the endemic equilibrium can be seen) (Hethcote, 2000). 
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   for HIV is currently considered to be between 2 and 5 (Bell, McMickens & Selby, 2011) which 

means at present the solution of the HIV epidemic model looks like a stable spiral. That means that 

the epidemic moves towards an equilibrium in which the number of infectives doesn’t change. It is a 

spiral as there will be a pattern of smaller and smaller epidemics until it reaches this point. However 

this phase plane does not tell us how much time is needed before the disease reached this 

equilibrium. 

HIV is a relatively new disease, so at the current point in its lifespan we should be concerned with 

what happens to it’s prevalence in the beginning, e.g. HIV hasn’t reached the peak of infectives we 

would expect from the model. To investigate this we look at the second differential equation.  

  

  
             

At the start of the epidemic the amount of people in      and      are negligible so we can assume 

          as                       . This also means that –    and –     are small which 

leaves us with the equation 

  

  
      

From this, the solution can easily be seen as      
   .     , which is the contact rate, as long as 

the HIV epidemic is occurring.     as the population is always positive which means that, even if 

the parameters are small, the amount of infectives will increase exponentially, in the beginning. In 

the past two decades we can see that indeed the number of people living with HIV has increased 

rapidly at the start, but appears to be reaching a peak(UNAIDS,2010).  

Assumptions 

Obviously, the proposed model for HIV prevalence is not entirely what happens in real life, therefore 

some things have been assumed; 

1. A single infection causes an autonomous process in the host 

2. Contacts are according to the law of mass action (the rate of contact between two groups in 

a population is proportional to the size of each of the groups concerned) 

3. The population is uniformly mixed, so the probability of acquiring HIV equally exists to every 

single individual within the community. 

4. The population is always equal 

5. The population size is large enough to sustain a deterministic description 

6. Those with AIDS pose no threat to those who are susceptible 

7. People are only susceptible if they are highly sexually active (this means there are no vertical 

infections i.e. from parent to child, no infection by blood transfusion and no infection 

through use of needles). 
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Improvements 

The model assumes that each susceptible has an equal probability of acquiring HIV. This is not 

necessarily true, hence a way to improve this would be to add a probability factor into the contact 

rate,  . It is also true that the parameters e.g.    , are hard to calculate accurately, especially as HIV 

is a relatively new disease, so there is a lack of precise numerical data. Accurate parameters would 

allow precise simulations of the numerical model, plus it would also characterise social behaviour. 

This could be helpful in other ways e.g. other epidemiological models, especially for venereal 

diseases. This would, however, require more in-depth study into the dynamics of HIV. 

Nevertheless this doesn’t render the model useless. For example, it forces epidemiologists and 

modellers to be precise about relevant aspects of transmission, infectivity, recovery and renewal 

susceptibilities. They need to be made clearly and precisely using parameters that have well 

understood epidemiological interpretations such as contact rate or an average duration of infection. 

This leads to the solutions not being ambiguous or vague showing the basic principles involved. This 

can then give epidemiologists a better grasp on the functions of HIV and how changing the variables 

can affect the transmission of the disease. 

Conclusion 

The modelling of diseases, including HIV, has come to discover that one variable is really important 

in determining whether a disease becomes an epidemic or not and that is   . If      then the 

population will become disease free, where the population no longer has any infectives or people 

with AIDS. However if     , as HIV is today, then the disease will remain in the population and 

eventually will reach an endemic equilibrium, where HIV is still prevalent in the population but the 

number of infectives and those with AIDS remains stable.. Essentially the magnitude of    tells 

epidemiologists how hard it is to control a disease in a population. For example, measles which has 

   between 12-18 is harder to control than polio with    between 5 and 7 (CDC &WHO, 1993). 

In conclusion the modelling of epidemiology and in particular HIV can be very useful, even if it does 

contain some assumptions. The model presented has drawn some interesting conclusions. HIV will 

eventually move towards a stable equilibrium regardless of starting values. This equilibrium 

manifests in one of two ways; one, a disease free equilibrium, two, an endemic equilibrium  

Which equilibrium the system moves towards is based on   . For this model     is 
 

   
 which is the 

contact rate multiplied by the average death-adjusted infectious period. So in order to create a 

disease free equilibrium, i.e. eradicate HIV, we want       , so      . In other words the 

contact rate would have to decrease and the average lifespan of a person and waiting time between 

being infected and transitioning to AIDS would have to increase. 
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